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Abstract. Boundary value problems in two or more variables characterized by partial differential 
equations can be solved by a direct use of multidimensional Laplace transform. The general theory 
for obtaining solutions in this technique is developed in this paper by providing theorems on Laplace 
transform in n dimensions. Examples are presented for each theorem. Once the basic theorems are 
established it is possible to derive many useful transform pairs in n variables. Use of the above 
technique is illustrated by solution of an elctrostatic potential problem. 
1. INTRODUCTION. 
Multidimensional Laplace transform can be used to solve various problems in applied math- 
ematics, physics and electrical engineering. Let f(ti, t2, . . . , tn) be a function in n variables. 
Then the n- dimensional Laplace transform of the function f(tl, t2, . . . , t,,) is defined as 
00 
F(Sl, 62,. . . , sn) = 77 J . . . exp(-s,t, - sn-itn_i - . . . - sltl) 
0 0 0 
f(tl,t2,. . . ,t,,)dtldt2.. .dt, 
Multidimensional Laplace transform was used by Humbert [7] in his study of hypergeometric 
functions; by Jaeger [8] to solve boundary value problems in heat conduction; by Buschman [l] 
to solve a problem on heat transfer between a plate and a fluid flowing across the plate. Re- 
cently, some theoretical results on n-dimensional Laplace transform were presented by Dahiya 
[2-31, and Debnath and Dahiya [4]. This paper has two major parts. In the first part, a set of 
new and important theorems concerning multidimensional Laplace transform of some functions 
are developed. Several illustrative examples are included to show successful use of these theo- 
rems. These will also provide a standard method of derivation of many useful multidimensional 
Laplace transform pairs. In the second part, a boundary value problem characterized by par- 
tial differential equation in electrostatic potential is solved by a direct use of multidimensional 
Laplace transform method. 
2. THEOREMS ON N-DIMENSIONAL LAPLACE TRANSFORM. 
Theorem 2.1. 
Suppose 
(i) Litif( s] = Fj(s) for j = 0, 1,2,. . . , n n 1 2 and 
(ii) L [j;f (4 ;s] = H(s) 
1033 
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assuming tjf(t) and -&.f (4 b e continuous and absolutely integrable in the interval (0, m) 
Then 
. ..+’ )I ;s1,sz,...,sn n 1 
Rn/2 
=2n_1 (SlS2. ‘. %) 
+(~&+2(~&)+( 2 ~5+3($4 
i,j=l i=l 
i<j 
i?j,kl 
z<j<k 
+... + &X=X (2 fi)] . 
a=1 
(2.1) 
PROOF: The explicit expression of (ii) reads 
H(s) = l-$f (4) exp(-st)dt. 
Substituting fi = u and replacing s by a ( ’ + & + . . + $-) in Equation (2.1), we get T; 
>I ’ 
Multiplying both sides of Equation (2.2) by J?exp (- ~~zl siti) and integrating with 
respect to the variables tr , t2, . . . ,t, between the limits 0 to 00, we obtain 
~~...~~~~[t(~+~+...+t)l 
0 0 0 
. exp dtldt2.. . dt, 
Interchanging the order of integration on the right hand side of Equation (2.3) and evaluating 
them we have 
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Since the product 
we get the result (2.1) by using (2.3) and (i). Therefore Theorem 2.1 is proved. v 
Example 2.1. 
Consider 
f(t) = tV exp(-at) 
then 
qv+j+ 1) 
Fj(s) = (s + =)v+j+l 
where Re(v) > -1, Re(s) > -Re(a) and j = 0,1,2,. . . ,n 
and 
r(Y + 1) 
H(s) = 2(“-1)/2s(“+l)/2 exp [;I D-v-1 [$=I 
where D”(x) is the parabolic cylinder function. 
Then 
L 
[ 
J_ a2 
( 
$+k+.. -+$) 
(v+1)/2 exp 
[ 2(k+&+...++J 1 
. D-v-1 [ J, 1 1 S1’S2’.e.rSn qpl2 (SISZ . . s,)- 312 = p+(“+lw (cyzI fi + .)“+I
+ &XT (g;2y42 ( 1 i,j=l t 1 i i<j 
(2.4) 
ExamDle 2.2. 
Consider 
f(t) = Ye--ata 
1036 
then 
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Fj(s) = 
r.(Y + j + 1) 
(2a)(v+j+l)/2 eXP [g] D-v-j-1 [-$=I, 
where 
for Iargal < $,9 < arga < 2 
for argu= $,%,F,q 
otherwise, 
Re(v) >= -1 and j = 0,1,2,. . . , R. 
Also 
Then 
L 
[ 
d_ 
[ ( a $+$+- 
.+ $) +~,(~+l)/2;sl’s2....‘Sn 1 
7pP IyY + 1) 
= 271+(-1)/2~(v+l)/2 r (9) exp 
. (SlS2.. . Sn) 
Jsi+*+-+& 
6 
(v+2)(y+1)D_nu_3 &+&+-‘+6 
2a 
.D _ _ @h-~+-+l/z 
” n 1 
( >I &G . (2.5) 
Example 2.3. 
Let 
f(t) = t” In t, 
then 
Fj(s) = I’(v + j + l)~“-j-~ [$(Y + j + 1) - In U] , 
where Re(v) > -1, Re(s) > 0 and j = 0,1,2,. . . , n. Here $(z) is the logarithmic derivative of 
the gamma function. And 
i r(q) 
H(s) = Tj 7 [+ (+) -lna]. 
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Therefore 
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L 1 Jn ( $+$+-- +$I) (“+1),2 ; SlI82,. . * 9 &a 1 
742 qv + l)(SlSZ . . . s,)-3/2 
= 2”+(‘+1)/2r(9) I$(?)-Ina] (&+fi+...+fi)‘+l 
. [$(v+l)-lna]+(v+l)[+(v+l)-lna] 
[ 
(v + 2)(v + 1) 
+ (&=) (&+fi+...+&)2[~(V+3)-1na1 
i<j 
+. . . + d-t’ + n)(v + n - ‘) ’ ’ ’ (’ + ‘) [$(v + 72 + 1) - ln a] 
*** n (@i+&+--+&)n 1 
. 
And now some two dimensional examples: 
Example 2.4. 
Consider 
f(t) = t” sin at 
then 
Fj(S)=r(V+j+l)(82+a2)-(Y+j+1)‘2sin (v+j+l)tan-l%], 
1 
j=O,1,2, 
Re (v) > -2 and Re (s) > IIm cat. Also 
H(s) = -J;r 
sec(v - l)$ 
2(YI2)+1&+‘>/2 exp [-;I bv (-g) - DU ($1 
1038 
Then 
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L I m ($ + #u+l)l2 exp -2 (;: T1;) [  
. kv (-4gq) -D, (/+&l~j 
J?F 
= -Jzsec(v _ 1); (s1s2)-3’2 r(Y + 1) 
[(&+ 6)” + a2](“+1)‘2 
. sin [ [ (v+ 1) tan-’ 
a 
fi+fi 1 
+ (~+ ~) ‘~ + ‘!,~ sin (v2) tan-l a 
[(fi+ &I2 + a21 
[ &+fi 1 
+ piw+W+1) . [(fi+&)2+a2] s’n [ a (Y+3)tan-1 JsT+fi1  . 
ExamDIe 2.5. 
Consider 
f(t) = t” cosat 
then 
Fj(s) = 
r(Y + j + 1) 
(s2 + $)P+w2 
cos (v+j+l)tan-‘f [ 1 , 
Re(v) > -1 and Re(s) > IIm aJ and j = O,l, 2. 
(2.7) 
H(s) = _e-_ cs:$-)lj% 
2(v/2)+1 , exp [-f] bv (k) +.% (--+)I. 
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Therefore, 
L [ 
XmT 
(+ + $y+l)l2 exp -2 (;: i?;> 
i 1 
. kjm) ++/gq)]-Q] 
4q3192)- 3f2 
= - &SC(Y - 1)’ 
r(v + 1) 
2 [(&+ @q2 + aq(“+1J’2 
f cos (v $l)tan-’ 
[ I 
a 
fi+&c 1 
+(fi+&) (v + 1) 
pi+ $g2 + Q2] 1’2 
[ 
a 
f co9 (v + 1) tan-’ 
&4-@ 1 
++=,(&;2g;:‘a2] 
[ 
a 
. co9 (v + 3) tan-l 11 fi+* - 
Re (@i+ ,/Z) > Jim al. 
ExamDIe 2.6. 
Suppose 
f(t) = t”J,(at> 
then 
(2a)“+jr (V + j + 3) 
‘j(‘) = 4733 + 02)v+j+(1/2) ’ 
Re(v) > -3, Re(s) > [Im aI and j = 0,1,2. 
Also 
1039 
(2.8) 
H(s) = 
r (v + 4) a” 
pq-(v + qsY+(‘/2) IF1 
1 
v + 5; v + 1; 
a2 
-4s 1 * 
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Therefore 
L [ (~+~)“+(1,2PF~ dm 1 .+f;~+l;& 1 ;sl>s2 1 = J;Fqv + 1)(m)-3’2 
4[(fi+*)2+a2]“+(l’2) 1+2a v+- [ 0 
:: ,&T%g.$+ a2, 
+4a2 (v+i> (v+i) ,(6+z2+a2,]. 
(2.9) 
Theorem 2.2. 
Suppose 
and 
forj = 0,1,2 ,...) n, and let f(t), tf(t”) and tjg (f) b e continuous and absolutely integrable 
on (0,oo). 
Then 
n +... + (&82...4Fn cfi . 
( )I i=l (2.10) 
PROOF: By (i) g(s) = Texp(-st)f(t)dt. Then by a result in [9] we have 
0 
co 
vm3f2 exp (2.11) 
Multidimensional Laplace transform 
Substituting v = 5 in the right hand side of Equation (2.11) 
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$=+Texp(-$f)s(;)du 
0 
which gives, 
‘>z =~~ep[-;(it_+~+...+~)]~(~)du (2.12) 
0 
Now multiplying both sides by ,/mexp (-sItI - tat2 - . . . - s,t,) and integrating with 
respect to tl,tz,. . . , t, between the limits 0 to 00, we get 
loo O3 
=G .*. I I 4Fexp (-slt2 - sat2 - . . . - sntn) 
0 0 
1 I ( > } g g du dtl...dt,. (2.13) 
Changing the order of integration and evaluating the resulting integral on each variable 
t1,tz , , . . , tn the right hand side of Equation (2.13) becomes 
Since the product 
the above expression is, 
?r(n-l)/2 
‘(3132 
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Hence the Theorem 2.2 is proved. a 
Example 2.7. 
Consider 
F(t) = t” 
then we know 
g(s) = r(Y + 1) 
p+l ’ 
Rev>-1 and Res>O, 
and 
WV + 2) 
h(s) = s2v+2 and F’(s) = 
F(” + VW + j + 3) 
s2v+j+3 
for j = o 1 2 
, t . 
Then the transform pair in two variables is given by 
6 (sg2)-312 
= Tr@ + ‘) (& + *j2v+3 (2y + 2) + (2Y + 3)(2~ + 2) 
+ (2~ + 4)(2~ + 3)(2~ + 2) 
+x 1 (~+~)2 ’ (2.14) 
Re(v) > -1 and Re (fi+&) > 0. 
Examde 2.8. 
Let 
f(t) = tY12J, (ad) 
then we find 
g(s) = (t)” &exp (-2) , 
Re (v) > -1 and Re (s) > 0. 
We obtain 
h(s) = 2v+lcpr L, + 3 ( ) S J;r 2 (s2 + a2)u+(3/2) 
and 
Fj(S) = Q --j-32(j+W2rpy + j + 3) exp (&)D--Iv-j-3 ($) 
where 
for jarg$I < +, q < arg $ < 5 
for arg$=$,$=,q,F 
otherwise 
and Re(v) > -9. 
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Then the transform pair in two variables obtained using Theorem 2.2 is 
L 
[ 
dm 
(h + $ + a2)y+(3/2) 
;s1,s2 1 
r(2V + 3) (s1s2)_3’2 
= sr (v + s) a2v+52Y+(5/2) exp 
1 
(@i+fi)’ 
za2 1 
+ aJZ(&+ &j (2v 3)D_zv-4 da-d% 
a 
+ 2(2v + 4)(2v + 3)x/%%D-av-5 
d&l-e 
a >I 
To illustrat,e the use of Equation (2.15), let us take Y = -3 and a = 1, then 
L [&y’] 
= 
31 + 32 + 2pis 
2 
(s1s2)-3’2 p-2 (l/z + x6) 
+2fi(&+mD--3(‘/%+m 
+ 124GTD-4 (6 + &%)I 
which is one of the well known results [6]. 
Examde 2.9. 
Let us consider 
then 
q(s)=i(l-exp(-z)), 
Re (s) > 0. We also have 
h(s) = 
(s2 +$)I,2 [S + ts2 + a2)1’2] 
and 
1043 
(2.15) 
we have 
(2.16) 
Fj (8) = lj! $j+l)P -& - - exp aIt1 ($) D-j-1 ($)I. 
I044 JOYATI DEBNATH and R. S. DAHIYA 
Using Theorem 2.2, we obtain the two-dimensional transform 
+da(JST+&)D-2 
( 
Jz(@l+&) 
a 
+ 4-D-3 
fi(&+&) 
a Il. 
Example 2.10. 
Suppose 
then 
f(t) = -$sin (a&) 
g(s) = - $exp (-g) &f(s) where Re(s) > 0. 
Also 
and 
Fj(S) = -iJjFL t [ j+lexp (-$) ;s] for j = 0,1,2. 
For a two dimensional transform we need only Fe(s), F*(s) and Fz(s). We know 
L[exp(-T)Erf(gi);s] =4_p($)Ei(-g) 
where Ei(-e) is known as exponential integral and is defined as 
0 
q-t) = - J w4-4 du U 
I 
Therefore, 
Fe(s) = az[exp($)Ei(-$)I 
Fl(S) = --a &2 “qxp(~)Ei(-;)] 
F2(s) = Eg [exp($)Ei(-$)I. 
(2.17) 
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Then using Theorem 2.2, we get the following result: 
JiF 
= &s1s2)-3’2 PO (@i+ &Y) + (A+ &) F1 (A+ &) 
+ @ia72(?/7l+&)]. 
Example 2.11. 
Assume 
f(t) = &,r1(3t~‘~) 
which by definition is equal to, 
(2.18) 
i!” 
r(n + l)rpa + 1) 
oFz(n + 1, 2n + 1; -4) and g(s) = f& 
q2n + 2) 
2n+2 2n+3. 
1 n ’ 
h(s) = 
r(n+ i)r(2n+i) S2n+22F2 -3 
n+l, 1 
Fj(s) = 
r(j + 2n + 3) j+2n+3 2n-j-2 4 - 
r(2n + 1) 
(s2 + 4)-(j+2n+s)/22F1 
2 ' 2 
; 2n+l; 
s2+4 1 
for j = 0,1,2. 
Then, from Theorem 2.2 we obtain 
L G (t+k~n+W2)2F2 ll, , :,; -$& ;‘ljs
[ 
2n+2 > w; 
1 
= ?I?(, + 2)(~1~~)-~/~ [(A+ m2 + 4]-‘2”+3)‘2 
n - 1; 2n + 1; 
4 
(@i+&)2+4 1 
.ZFI 1 
+ (2n + 3)(2n + 4) @iz 
(&+&)2+4 
. 2F1 
2n + 5 
-) n-2; 2n+l; 
2 
(2.19) 
C.A.M.W.A. 18,12-E 
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Theorem 2.3. Let 
6) L V(t); 4 = g(s) 
(4 L [F (f) is] = 9 (&I 
(iii) L [g; s] = Gj(s) for j = 1,2,3, . . . , n + 1, 
and let f(t), F (i) and & b e continuous and absolutely integrable on (0, cm). Then 
L 
F(k+++-.+$-) (++k+...+t)3f2 ;-91,s2,...,sn (t1t2 . . t,)5’2 1 = 22”-14+1)/2 G [ +j+(f&&) 
+ (ip-)G3(p) 
+... + Js1s2.. . snGn+l ( )I &z i=l 
Example 2.12. 
Consider 
f(t) = t2sinat 
then 
g(s) = 60i [(s + i~)--~ - (s - i~)-~] , 
Ws) > IWa)l, 
F(i) =zi(i)-2exp(-$) [ D- ,( iq/m) - D-7 (-i&m)] , 
where Re(s) > 0 if Re(iu) > 0 
Re(z) > max{O,Re(-u2)} if Re(iu) < 0 
and 
(2.20) 
Go = !-r(j) [(s + iu)-j - (S - iu)-j] for j 2 1 and i = J-i. 
1047 
Therefore 
Multidimensional Laplace transform 
L exp (-&j) [D-7 (iaj/@J - D-7 (--iam] 
(W2)5/2 (+ + if;)712 
;s1,s2 1 7r = - [[(A+ fi+ q-l - (A+ &-- iq’] 
36Ofi 
+(+-l+$q [(~+~+i~)-2-(~+~-i,)-2] 
Examde 2.13. 
Consider 
then 
f(t) = t5 cosat 
g(s) = 60 [(s - ia)-’ + (s + ~cI)-~] , Ftes > IIm al, 
F (i) = F (i)m2exp (-$) [D-7 (iadm) + D-7 (-iadmj)] 
and 
Gj(s) = $I’(j) [(s + ia)-i + (s - ia)-i] for j 2 1. 
Therefore 
L 
i 
exp (-,&) [D-7 (j459 + D-7 (+ZE)] ;sl s2 
(tlt2)5’2 (6 + g712 
, 
T 
= - [ [(Gi+ dZ+ ia)-l +(fi+ A- ja)-l] 36Ofi 
+ (6-t m [(fi+ fi+- ja)-2 + (A+ I/E- ialw2] 
+ 2fi [(A+ *+ ia)- + (A+ &- ia)-“]] (2.22) 
Examde 2.14. 
Consider 
f(t) = t5emat 
then 
g(s) = 6O(s + c~)-~, Res>--RRo, 
F(i) =~(~)-‘exp(~)D-r(.~~) 
and 
1048 
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Gj(s )  - ( j -  1)! Res > --Rea, 
L 
exp °~'' D_7(a~ [ (~)  ,~,~ ~,,~ 
, [ 
360 (y f~+ x/~-I-a) 1 
j_>l .  
+ v~Z+v~ + 2 ~  
~~ + y/s~ q- a (v/~- + x/~ + a) 2 (2.23) 
Example  2.15.  
Suppose 
then 
where 
f ( t )  = tSe -"t2 
g(s)= ~--ffexp ~a D-6 
- -00  
Re(s) > 0 
<30 
for J arg a J < ~ a,, 5,~ , q- < arga < q- 
for ~rga=4,3~ ~. 7~ 4 ~ ~ 4 
otherwise. 
F - 3"2 (a + 4~) 7/2 
and 
Then 
(.). (2a)J/~ ~a D_~ ~aa 
L 
[ [a + ¼ (~ + ~)]7/2 ] 
;81  82 (ht2)5/2 
-128V~exp (Vr~+ Vf~)2 [D-I {v/~-+ _V~,) 
- 8a \ v~ ) 
v~ \ v~ )+ 2a - (2.24) 
Example  2.16.  
Consider 
f(t) = t s sinh(at) 
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then 
g(s) = 60 [(s - CI)-~ - (~a)-~] , Res > [Real, 
where 
Re(s) > 0 if Rea>O 
Re(s) > max{O, Rea2} ifRea<O 
and 
Gj(s) = +(j) [(s - .)’ - (s + a>-‘] 
then 
L ev (*j) [D-7 (-u&F) -D-7 (‘I/%$] ;sl 
[ 
(tlt2)5’2 (+ + k) 7’2 
t 
s2 1 
7r 
= - [[(fi++Q)-‘-(@T+&+Q,-‘3 
36Ofi 
+ (fi+ I/q [WY+ A-- 4-2 - (A+ I/G+ a,-“] 
+ 2m 
1 
(~+~-q3-(~+~+~)-3] 
Examde 2.17. 
Considering the function 
f(t) = t5 cceh at 
we obtain 
L 
[ 
exp (e&J) p-7 (-y/R) +D-7 (j/&)1 ;s1,s2 
(tlta)5’2 (* + +) 7’2 
+ ($fi+ &) [(&I+ &- C2 + (I/F+ G+C2] 
+ ~[(~+~-a)-3+(~+~+a)-3]] * 
Theorem 2.4. 
Let 
(i) L [f(t); 4 = g(s) 
(2.25) 
(2.26) 
(ii) L-l [-$g(fi;t] = G(t) 
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and let f(t), G(t) b e continuous and absolutely integrable on (0, cm). Then 
L 
G[(t++++)-'1 
J_ (6 + $ + . . . + #2 
;.Q,s2,...r%I 
I 
=T+1)‘2hS2 sJ1’“g(~+~+...+~) ,..., n 
Example 2.18. 
Assume 
f(t) = 1 - e-’ 
then 
g(s) = a 
s(s + u) ’ 
where b(s) > max{Re(-a), 0) 
and 
G(t) = i { 1 - exp(a2t)Erfc (a&)}, 
where 
Res> 0 
Res > max{O, Rea2} 
Then by the direct use of Theorem 2.4, we have 
1 - exp a [ 2 
L 
(k + k + . + 5) -‘I Erfc [a 
- ;SIrS2, 
(5 + + + .‘. + *)-1’2] 
(t1t2.. .t,p2 l (F + $ + . . . + &) 1’2 
if Rea>O 
if Rea<O. 
= u27w1)/2 (fi+ ~+ (SlS2.. . s,p2 
.-+a) [(l/K+l/z+-.+?/q +u] 
Example 2.19. 
With 
f(t) = t” and IyY + 1) g(s) = +/+I 9 
where Re (v) > - 1 and Re (s) > 0 and 
(2.27) 
. . 1 sn 1 
(2.28) 
G(t) = r(Y + 1) p/2 
r(;+1) ’ 
where Re (f) > -1. 
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Then 
Examde 2.20. 
Let 
then 
L 
i 
(tlt2 . . . t,p2 
( 
;SlrSZI*.*,Sn 
jy+k+- 
. + #“+l)‘2 1 
( > -1’2 =?r +-1)/q ;+2 (ms2 *. .&a> (Js;+&+-+&)“+l’ 
f(t) = exp(-at) 
g(s) = &, 
Re(s) > -Re(a) and 
where 
Then 
G(t) = exp(a22)Erfc (a&) , 
Re(s) > 0 if Re(a)>_O 
Re (s) > max{O, Re (a2)} if Rea<O. 
jy+sl;+*.. 
L 
+ il;)-‘] Erfc [a (k + k +...+ $-)-“‘] 
;s1>s2, 
(tlt2 ...t,)lll(*+*+...+i?;)1’2 
7&n-w 
= 
(es2 * *. sn)l’2 (fi+ &+ . *. + &+ a) 
Examde 2.21. 
Using 
f(t) = sin at 
and 
f(t) = cosat 
we obtain the following two transforms: 
exp a2 
[ ( 
$+++.. 
L 
.+ +-)-‘I Erf [ia (6 + 4 +a..+ +---1’2] 
;s1rs2, 
(iliz *. .t,)“q*+*+...+*)1’2 
. . . 
. . . > sn L
I 
(2.31) 
(2.29) 
9% I 
(2.30) 
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provided Re (6-t fi+ . + 6) > max{O, Re(-u2), [Im u[} 
[ 
exp 
L 
[-u2(++~+~“+~)-1] 
(t1t2.. t,p2 (t + $ + . . . + 6) 1’2 
;s1,s2,...,sn 
I 
= 7r(“-1)/2(sls2.. . snp2 fi+&+-.+&- 
l/G+&+-+&+a2 
(2.32) 
provided Re (&+ &+ ... + 6) > max{-Re(a), IIm aI}. 
Theorem 2.5. 
Let 
(i) L [f(t); 4 = 9(s) 
(ii) L-l [ 5s (43 ; 11 = G(t) 
(iii) L [&f(t);s] = H(s), n>_2 
and let f(t), G(t) and &f(t) b e continuous and absolutely integrable on (0, oo). Then 
L 
G(+-i-k+-.+?) 
;sl,s21~~~,sn 
(t1t2.. .t,)3/2(~+~+.‘.+~)1’2 1 
= 2nn(“-1)/2H (Js1+~+~-+&J (2.33) 
For creating examples we take different functions f(t), find corresponding g(s) and H(s), and 
then using the inverse transform of $9 (a, s we arrive at the transforms of different functions. 
Since the method was shown earlier we will just give the final result in each of these examples. 
Example 2.22. 
The functions used for f(t) are t”, t” exp(-at), t”JV(ut) and t”l,(at). The transforms obtained 
are given in n-dimensions in the respective order. 
L 
[ 
( t+++*. .+*) 
-(v+1)/2 
(tltz . . . tp 
;s1,s2,.*.,sn 1 
= l?(v - n + l)l? (f + 1) 2”a(n-W2 
r(Y + 1) (@i+$G+...+&) 
v-n+1 
provided Re (6 + &+ ... + &) > 0 and Re(v) > n - 1. 
[ 
exp $ 
[ ( 
t+k-t..’ 
L 
+t)l]LV_l [qe+&+.*.+*)-1’2] 
;s1rs2, 
(t1t2 ‘. 
.i,)3/2 ($ + 6 + . . . + *)(“+L)‘2 
2”+(~/qp/2 r(Y - n + 1) 
= IYv+l) (&+&+...+&+a)V-n+l 
(2.34) 
9% 
I 
(2.35) 
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provided Re (,/Zi+fi+ ..* + 6) > -Re(a) and Re(v) > n - 1. 
[ 
IF1 v+3;v+l;-2 
[ ( 
*+j$+ 
L 
. ..+ it,-‘] 
;Q,s2,-**,8 
(t1t2.. . t,)3/2 (2 + & + . * . + *)y+(l’p) 
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= yh-2vT?a/2 WY - n + 1) 
r cv + 3) [w + dz + . - * + m2 + a”] -(2”-n+1)‘2 
.2F1 
2v-n+l n 
) 5; v+l; 
a2 
2 2 I (&+*+***++) +a2 
(2.36) 
provided R.e(,/Fi+fi+...+&) > max{O, ]Im a]}, Re(-a2) > 0 and R.e(v) > -i. 
IFI v++,v+1;a2 
L [ 
( 
k+&t- . ..+ &)-l 
( 
;Sl,82,-*., &7 
(tlt2...tn)3/2 ++&+*a . + 5) “+w) 
= 22(n-v),p/2 JX2n - n + 1) 
Q++) (Gi+~+***+&y-2” 
.2F1 
21/-n+l 2v-n+2 
;v+l; 
a2 
2 ’ 2 (fi+fi+...+~)~l (2.37) 
provided Re (6 + 6 + *em+ 6) > ]Re(a)I and RR(v) > -4. I 
3. BOUNDARY VALUE PROBLEM. 
Multidimensional Laplace transform can conveniently be used to solve a wide range of bound- 
ary value problem characterized by partial differential equation [5]. In order to demonstrate 
such an approach, the elctrostatic potential problem is explicitly solved as discussed below. 
Let U(i;y) denote the electrostatic potential in a space bounded 
and y = r in which the potential is maintained aa the figure below. 
Y- + 
T 1 1 
us1 
, , 
UC0 
T 
by the planes 2 c 0, y = 0 
The solution U(+, y) must satisfy Laplace’s equation at all points in the space, accordingly, 
the partial differential equation to be solved will be 
82u(x,Y) + 82u(x>Y) = 0 
8X2 8y2 * 
C.A.M.W.A. ,*,,*-a. 
(3.1) 
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The boundary conditions are 
(3.2) 
This problem has boundary conditions of the distributed type; that is, the function or its 
partial derivative is known along different lines of the boundary. 
Taking the two dimensional transforms of Equation (3.1) and using the boundary conditions, 
we get 
where f(w, r~) is the two dimensional transform of U(z, y), F(q) is one dimensional transform 
of _f(y) and G(w) is the one dimensional transform of V(z,O). 
G(w) is not known and therefore must be eliminated. One dimensional transform of U(z, 7r) = 1 
is given by 
U(w,7r) = ;. 
Inverting Equation (3.3) with respect to 9 only, we have 
Y 
p4Y) = ;/ f(o) sin w(y - o)da 
0 
Letting y = I in Equation (3.5) and from Equation (3.4) 
1 lx -=- 
w w J 
f(o) sin w(7r - o)dcr $ 
0 
solving G(w) from above, we get 
(3.4) 
t G(w) cos(wy). (3.5) 
G(w) = ’ 
w cos( w7r) 
1 - I J f(o) sin w(7r - cr)da 0 
so Equation (3.5) becomes * 
p4 Y> = cos(wy) 
wcos(w7r) 
[ J I + f(cu)sin w(o - r)dc2 . Y 1 (3.6) 
To find the solution U(z, y), we will take the inverse transform of E(w, y) with respect to w 
onlv. So 
~(z, y) = & J ecus cos(wy) 
w cos(wr) 
BP- [ J 1 + r f(o) sin w(o - n)da 1 dw (3.7) Y 
Since the inverse transform of (3.6) does not appear in single Laplace transform tables, this 
inversion must be actually evaluated by the inverse integral (3.7). 
Multidimensional Laplace transform 1055 
The poles of ewBy(w, y) aresimple, occuringat ur=O and w = w for n=O,fl,f2,.... 
Accordingly, Cauchy’s residue theorem can be applied 
Residue at w = 0 
= ,?i,moe wD a 
i J 
1 + W f(o) sin w(c2 - a)& 
Y 1 = 1. 
Residue at w = w 
= ++qp P”U(t, Y)I 
2n-1 
= lim 
(2 - 7) . e((2n;1y2b co8 (2n; 1 y) 
w-+(2n-1)/2 COS(W7f) 2 A 2 
. 1+ * f(a)sin ?(a - *)da 
1 J Y 1 
e((2n-1)/2)r 
cos(~y) 1 1+ J rf(y) * 2n - 1=- *(2n - 1) - - sin (%&) sin 2 ( 0 7r)da Y 1 
Summing up, we get the solution, 
u(z,y)=l-; 2 e((2+1)/2)+ ~0s ( ++J) 
n=_m 2n- l sin (G+r) 
2n- 1 . 1+ ‘f(c~)sin~(~~- n)$o 
[ J 
. 
Y 1 
The technique of solving boundary value problems by a direct use of multidimensional Laplace 
transform as described here helped to eliminate the conjunction of classical differential equations 
theory with Laplace transform theory. Using this technique other boundary value problems 
including problems on current flow in telegraph line, transverse displacement in semi-infinite 
string, heat transfer for a very thin semi-infinite plate are also solved [S]. 
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4. CONCLUSIONS. 
Theorems on n-dimensional Laplace transform developed in this paper are rigorous and should 
be very useful in calculating the Laplace transform for certain functions in two, three or more 
variables. These results should also be applicable for obtaining solutions of a wide class of prob- 
lems in applied mathematics, physics and engineering. Moreover, these theorems can directly 
be applied to derive many new transform pairs and thus one can easily tabulate the results in 
two dimensions, three dimensions or more for an easy access. 
Finally, this paper presents the explicit solution of electrostatic potential problem, which is 
solved by direct application of multidimensional Laplace transform. The primary advantage 
of this approach is that it solves boundary value problem characterized by partial differential 
equation without classical differential equation theory. 
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